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On the Relative Retardation between the Components of a 
Stream of Light produced by the Passage of the Stream, 
through a Crystalline Plate cut in any Direction with 
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The relative retardation between the components of a stream of 
light produced by the passage through a crystalline plate can, as is 
well known, only be determined in finite terms in a limited number 
of special cases. In general it is necessary to be content with an 
approximate solution, and those hitherto published have, as far as I 
have ascertained, never been carried beyond terms of the second 
order with respect to the sine of the angle of incidence of the light, 
while they do not readily lend themselves to a further approxima¬ 
tion. The following method of dealing with the problem, which, 
except for the labour of calculation, can easily be extended to 
terms of any order, may then be of practical use, and, as leading to 
an interesting relation between the corresponding terms in the 
development of the roots of a certain biquadratic equation, of some* 
interest,. 

1. Let the plane of the paper represent the plane of incidence, OT' 
represent the normal to the front of the incident plane wave, OP and 
OP' the normals to the fronts of the two corresponding refracted 
waves; then if OM, OH, and 01ST represent the spaces these waves 
would traverse in unit time, planes through M, H, and N' perpendi¬ 
cular to OT, OP, and OP' respectively will represent the positions 
that the fronts of the waves would occupy in unit time after leaving" 
0, and these planes will, by Huygens’ principle, intersect the 
surface of the crystalline plate in one straight line, projected on the 
plane of the figure in the point C. 

Let OT, OP, and OP' meet the second surface of the plate in the- 
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points T, P, and P' respectively, and through P and P' draw PE, 
P'E' perpendicular to OT, meeting it in the points E and E'; through 
E f draw E'T' parallel to the surface of the plate, meeting PE in T'. 

Draw OD normal to the plate, meeting the second surface in D, 
and let the wave fronts CH and CH' meet this normal in the points 
Q and Q'. 

Then the triangles OPD, COH, CQO are similar, as are also the 
triangles OP'D, CON', CQ'O, and the triangles T'E'E, COM. 

The relative retardation, measured in time, of the two waves after 
both have traversed the plate, is represented by 
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Hence if the axis of Z be normal to the plate, and 

ZX -f mY + n v 7j = 1 ZX + ?nY -f n 2 Z = 1 


are the equations of the refracted waves in unit time after passing 
through 0, their relative retardation, measured in length in air, after 
both have traversed the plate is 

A = vT (%—%), 


where v is the propagational speed in air, and T is the thickness of 
the plate. 

Also i being the angle of incidence, and w the azimuth of the 
plane of incidence with respect to that of XZ, 

Z = sin'Z cos w/v, m = sin^ si nw/v. 


2. In applying this result to the case of a plate cut in any manner 
from a biaxal crystal, let the surface of the plate on which the light 
is incident be taken as the plane of XY, the plate lying on the side of 
Z positive, and let the plane of XZ be taken so as to contain the 
least axis of elasticity of the crystal. 

Let Ox, 0 y, 0 z be the axes of elasticity, and the angle yoY = 0, 
the angle zoZ = x, then the transformation from the axes of elasti¬ 
city to the new axes may be effected by the following successive 
transformations, each in one plane :— 

(1) Through an angle 0, in the plane of xy, from Ox, 0 y to 

Ox h 0y. 

(2 ) Through an angle %, in the plane zx x , from 0 z, 0£c x to OZ, OX. 
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The formulas for these transformations are— 

x = Xi cos 0—Y sin 0, y = x x sin 0+Y cos 0, 

x x = X cos x+Z sin x, z — —X sin x+Z cos x> 

from which we obtain 

x = X cos 0 cos Y sin 04-Z cos 0 sin x, 

?/ = X sin 0 cos x+X cos 04-Z sin 0 sin x> 

= —-X sin x + Z cos x* 

How the equation to the wave surface referred to the axes of 
elasticity is 

aV , % , cV 

__£-L_-~ o 

r 2 ~a 2 r 2 — b 2 ‘ r 2 — c 2 ’ 


a, c being the principal wave velocities, and the condition that the 
plane 

lx+my + nz — 1 


should be a tangent plane to it, is obtained by eliminating p between 
the equations 


p 2 — (l 2 +m 2 -\-n 2 ) 1 


Z 2 m 2 n 2 _ 

a- 2 — p 2 b 2 — p 2 c 2 — p 2 


1 . 


Hence the condition that in the new system of co-ordinates the 
plane 

IK+mY+nZ = 1 


should touch the wave surface is found by eliminating p between the 
equations 

p 2 = (l 2 + m 2 +n 2 )~ l , 


(l cos 0 cos x —m sin 04- n cos 0 sin x) 5 
a 2 —p 2 

(Z sin 0 cos x4-mcos04-^sin 0 sin x) 2 (l sin x~~ ncoB x) 2 __ n r \ 
+ +— c 2 -p 2 ~ ~ * W ’ 


The result of this elimination is a biquadratic in n , which, from 
the nature of the problem, has two real positive and two real nega¬ 
tive roots, and if n x , n 2 are the positive roots of the biquadratic, the 
relative retardation required is 


A = vT (n x —nf). 


3. Before proceeding with the general case, these results may be 
applied to certain simple cases :— 

n 2 
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(1) Let the plate be cut from a uniaxal crystal, then writing 
b = a, equation (i) gives the two equations 

p 2 = a 2 and 

(p 2 —c 2 ) {(Z cos x + ^ sin -x) 2 +m 2 } + (p z —a 2 ) (Z sin x—^ cos %) 2 == 0, 
and the values of n are given by 

a 2 (l 2 -\-m 2 -\-n 2 ) = 1 , 

c 2 (Z 2 + m 2 + w 2 ) — 1 + (a 2 — c 2 ) (Z sin cos x) 2 = 0, 

whence 



% = { \/(a 2 cos 2 x + c 2 sin 2 x) (1—c 2 sin\*/^ 2 ) —c 2 ( a 2 —c 2 ) sin 2 x cos 2 w si n 2 ijv 2 

+ (a 2 — c 2 ) sin x cos x cos w sin ijv}^r (a 2 cos 2 x + c 2 sin 2 x) 

and _ 

A */v 2 —u 2 sin 2 i (u 2 —- c 2 ) sin x cos x cos w sin i 

T “ a a z cos 2 x + c 2 sin 2 x 

x /(a 2 cos 2 x + c 2 sin 2 x) (v 2 —c 2 sin 2 i) — c z (a 2 —c 2 ) sin 2 x cos 2 w sin 2 i 
a 2 cos 2 x + c 2 sin 2 x 


(2) Let the plate be cut from a biaxal crystal perpendicularly to 
the mean line; then taking the axes of elasticity as the co-ordinate 
axes, the biquadratic in n becomes 


( b z c 2 l 2 ~r c 2 a 2 in 2 -f- a 2 b 2 n 2 ) (l 2 +m 2 + n 2 ) 

— { (6 2 + c 2 ) Z 2 + (c 2 + a 2 ) m 2 (a 2 + Z> 2 ) n 2 } +1 = 0> 


or 

a 2 bV — { (a 2 -f l 2 ) — b 2 (c 2 + a 2 ) Z 2 — a 2 (b 2 + c 2 ) m 2 } n 2 

+ {l— c 2 (Z 2 + m 2 )} {l — Z) 2 Z 2 —a 2 m 2 } = 0* 

and n h n 2 being the positive roots of this equation 
(%— n z ) 2 a 2 b 2 = (a 2 -\-b z ) — b z (<? 2 -fa 2 ) l 2 —a 2 (& 2 + c 2 ) m 2 

—2ab^ {l —c 2 (Z 2 + m 2 > )} {1 — 6 2 Z 2 —a 2 m 2 }, 

and 

a 2 Z> 2 ^ = t& 2 ■+■ b 2 ) v 2 — { b 2 (c 2 + a 2 ) cos 2 w + a 2 (b 2 -f c 2 ) sin 2 w } sin 2 i 


— 2ab \/(v z —c 2 sin 2 i){i? 2 —- (6 2 cos 2 w + a 2 sin 2 tc 1 ) sin 2 
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4. Returning to the general equation (i), write 


A' = cos 0 sin 
B' = sin 0 sin x» 
C' = cos x, 


A = cos 0 cos x cos w—-sin 0 sin w, 
B = sin 0 cos % cos w + cos 0 sin w, 
0 = —sin x cos w . 


Then the equations between which jp has to be eliminated become 


+( c '* +cSj rJ(?-')(!.-) = »- 


and since 


I „ , sm y 

—a = -— « 

p* v 2 


A ' n+A s MU( B ' n +B^+(G'n+G^) 2 = n>+ & ~ = i 

V j \ V ) \ V ) v 2 jp 2 


the result of the elimination becomes 


AV+2AA' — w + A 2 (bW+ W— 

V V \ v 2 


+ (BV + 2BB' —- * + B 2 —f c W + c 2 a 2 —~ c 2 - a 2 

\ V v 2 \ V 2 


+ f0V+200'^n+0 3 ^^)UW + a a 6 a ^^-a a -& a J + l = 0; 


and multiplying out and arranging the terms, this equation may be 
written 


sim am* % \ 2 ' L snn , 7 sinn\ , , sim 

w 4 —2»!-% 3 + c 0 -f-c 2 —7- )fr— 2 6 X --f*o 3 —t- ) w + ao + Oa—7 

y V y 2 j \ v v 6 J v 2 


where 


2A 2 (6 2 + c 2 ) 


+ 4 -=0.... (ll), 


SAW 


“° 2A' 2 6 2 c 2 ’ a " 2A'W ’ a * 2A'W ’ 


7 _ 2AA'(6 2 + c 2 ) r _ ; _ 2AAW 

61 ~ SA'W ’ SAW ’ 


2A' 2 (6 2 +e 2 ) 
SA'W ’ 


C 2 = 1 + CZ 4 . 
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Now the roots of equation (ii), p, q , r, s will be functions of sin ijv, 
and expanding these in series proceeding according to powers of this 
quantity, we may write generally 

sin i sin 2 ^ 

P =Po+Pi— —l-Pa —I -b- 

sin i , sin 2 i , 

q — qo+qi +22 —— + •• •♦ 

sin^‘ , sin 2 ?,' , 

r — ?*o+ri-b r 2 —-5—b • • • • 

V V " 


, smi sm^ , 

s = So + Si-r ^2 —o—b 

^ zr 


But 

„ , sin i 

—- 3 


= c 0 +c 3 - 


^ sm?, , sinn 

= 2bi - t-2b 3 — 3 

v v A 


„ , sm 2 ?, , sm 4 t 

Spurs = a 0 +• a 2 —— + &4 — 7 - ? 

1 zr zr 

and therefore equating the coefficients of like powers of sin ijv on the 
two sides of these equations, the coefficients p, q, r, s may in general 
be determined in succession by means of linear equations, provided 
we can determine p 0 , q 0 , r 0 , s 0 , which may be at once done, since they 
are the roots of the equation 

w 4 -b c 0 n 2 + a 0 = 0 . 

Moreover, when this method is practicable, the roots of the 
biquadratic take the following form 


where 


^1+Pl3 -Wl+Plj ^2 + ^2? 


smn sm 4 ?, 

tti = a 0 + 5£ 2 —2 1 ^4 —t~ 

V V 4 


^ _L/3 smn sm 

— A>+A~^—bA—^3 


— 7T 2 -f p 2 j 



sin i sin 3 ?,* sin 5 i 

Pi = 71-r-73— 1 —r7o —5—b • * • • > 

-y v 6 v b 

sin i sin 3 i sin 5 i 

p2 — Ol -73 -5- 75 -k -b • • • • 

r zr v 5 

For suppose that this is true as far as the terms involving 
sin“-^/ zj"” 1 , and let a, fi, 7, 8 denote the sum of the terms in 7 r ly 7 r 2 , 
Pi, Pi respectively of an order less than n, then we may write 

p — oc + 7 + A*> 2=—'<* + 7+7*2, r = /3 + ^+^ 3 , s= — /3 + £-b/* 4 , 
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and neglecting tlie products of the fs with, one another, and with 7 
and <5, since such products will introduce terms that we shall not 
require, we have 

'Zpq = a —Mi) + PQ*i— u s ) — (a 2 + /3 2 ) + ( 7 ■+ S) 2 + 2y8, 

'Zpqr = —/3 2 ( / tti+/t 2 )—2a 3 ^—2/3 2 7 + 27 ^ (7 + ^), 

'Zpqrs — —cc/3{ct +fi (ytc 2 — /ii)}+ot?fi 2 — a 2 3 2 —/3V + 7 ^ 2 * 

Hence if p n , q n> r n , s n denote the coefficients of si n n i/v n injp, q , r, s 
respectively, and [ ]» denote the coefficient of si nH/v 11 in the expres¬ 
sion within the vinculum, the equations that determine these quan¬ 
tities are— 

(1) If n = 2m 

y2m J rq < im'\’r< imi J tSm = 0 , 

ufOlm Pirn) 4“ 4~ [#~ 4" /3 V — (7 4“ ^) 2 "~27^]2m 

5=1 say, 

A) 2 (P 2 >n 4~ 22 m) 4“ a o 3 (^ 2 m 4~ ^ 2 m) — 0 , 

A>( 22m ^2m) ““«0( 5 ?m r2m) ^ "X* {&2w — [ GC 2 (^ 2 — GC 2 ? 2 j3 2 p 4” 7 2 ^""J 2 m } 

«op 0 

= 82 ?;^ sa>, 

and from the first and third of these equations, we have, unless 
*o 8 = A 2 , 

P’lm 4“ # 2 m == ^ 2 wi 4“ S 2 m 0 , 


which relations hold whatever m may be. 

( 2 ) If n = 2»t4“l> 

Jf , 2m4-l4~^2OT+l4“^2m4.l4“^2W4-i — 2$sm+l> 

#o(#?m+l““P 2 m+l) 4 "^o(%»+ l”T^ 2 m+i) — 0 , 

—4“ q%m + 1 ) «o 2 (r*>)»+ 1 4“ %«+i) — 2 62 m 4 . 1 4“ 2 [a 2 £ 

4- / 3 2 7—75 (7 4- $) ] 2 W+X 
= T 2 M 4 -i> say, 

/4o (^ 2 m+i ~~p 2 m+l) 4-a 0 (^2 jk4-i ^2m+i) — 0, 

and from the second and fourth of these equations 

qzm+i — 1 jP 2 m 4 i> +1 — ^' 2 ^ 4 . 1 , unless cc 2 = /?o 2 5 

and when m>0, ^ 3 «t+i = 0, so that r 2 « +1 = (m>0). 
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Leaving then for the present the case in which a 2 — /V> Ike roots 
have the form given above, and 


&o 2 di + hi 

' *o a -A* J 


^ _ _ Po 2 di 4~ bi 

1 “ "af-Po ’ 


^2111 +1 = 


T; 


2m+L 


ocm — —2 7Ti~R* 5 

OCq —p o 4 


^0 
«o a —/V 


o — i A* 2 W H - ^ 0 ^ 2 ^ 

^ — 2 2_p 2 


whence 


A 

— — 7T! — *r 2 4-pi—P2 

^ i 25i-f* («o 2 -f/3 0 2 ) c?i sin i 1 R 2 + S 2 sin 3 a 

— <%o— poi o 77V-* - 2 -TT" * —5T“ 

<*o — A V aCo—fio V 2 

0 T 3 sinH* 1 R 4 + S 4 sin 4 ^ 

+ ao’-ZV' « 3 3 V„-73 o ‘ « 4 + '"‘ ’ 

the terms of which may he readily calculated in succession. 

5. It is now necessary to consider the case reserved above, in 
which « 0 3 = ft 2 . When this occurs, the two refracted waves, corre¬ 
sponding to normal incidence of the light, traverse the plate with the 
same velocity, and hence the plate is perpendicular to an optic axis. 
The case, then, of a plate cut perpendicularly to an optic axis 
requires a special investigation. 

Now for a plate so cut— 


~ 0, cos% = V(Jb 2 -~c 2 )/\/((i 2 —c 2 ), sin x = \/(a 2 —b 2 )l\/(a 2 —c 2 ), 
and the biquadratic (ii) has the form 


, _, sim o , / , , , sm" 

n i -~2di - • n 2 +( c 0 -j-C 2 — 

v \ v~ 


»*-2 J/ — +h 


7 


, , , , sim % , , sm* % 

+ u 0 + a 2 —™ + a± —— 0, 

v ~ v* 


where 


di = & 8 ' = cos W'y Z \/ ( a 2 — b 2 ) (& 2 —c 2 ), 


hi = —cosw^ \/(u 3 ~ 6 2 )( 6 2 —c 2 ), 

<■(,' = — c* = l + a 4 ' = l+^r+^ 4 (« 2 —(& 2 —C 2 ) cos 3 w, 

, __ 1 , ___ a 2 -f c 2 

^0 — ^4» «2 — ^4 ’ 
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whence writing n+^di for n, the equation becomes 
v 


+ c 0 + c 2 —2 W— 2 hf —3— • w + Oo + a 2 —“ + a *—T = °: 


?r v* 


where 


Co = —c 2 = .4 { 6 4 + a 2 c 2 —§ ( a 2 —6 2 ) (& 2 —e 2 ) cos 2 w} , 


x 6 4 — aV 


(a 2 —b 2 ) (b 2 —c 2 ) . cos w, 


«o — ^2 : 




=iM“ w 


: 2 + J . ^ (a 2 —b 2 ) (6 2 —c 2 ) cos 2 w 


-6 2 ) 2 (6 2 —c 2 ) 2 4 1 

—--- cos w > . 

Z .4 I * 


Let ns, in the first place, neglect the coefficient of n, then we 
have— 


, f sin 2 f . / „ , . N sin 2 t , , _ » sin 4 il 

Co — G<i --=h /y/ Co* —4a 0 + 2(coC2—20a)—^-f (c 3 2 —4a 4 ) J 




4 + a 2 c 2 —I (a 2 *— b 2 ) (b 2 — c 2 ) cos 2 w} ■ 


± 2b y (a 2 —6 2 )(6 2 ~c 2 ) 


(6 4 —aV) 2 ” 1 6 4 -f a 2 c 2 
.46 2 (a 3 — b 2 ) (b 2 —c 2 )”" ¥ 6 2 


and the roots are ± ( 7 r+/>), ± (sr—/>), where 

sin 2 ^ sin 4 ^ 

^ = ^ 0 + P2—r +jp* —r~ + 

x 1 IT V* 


sin 1 snr % 

p =^1-—+jp 3 —5- + ., 


} sin 2 

—J’ 


and writing for shortness 

P = \/(a 2 —/j 2 ) (6 3 —c 2 ), Q = A (a 2 —6 2 ) (6 2 -c 2 ) cos s zo-|-(6 4 +a 2 c 2 ), 

E = * (5=pj$^)-K i ‘+« v > 


we have 
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*> = X» F = ^ = i(Q-? p2 )> i> 3 = 4 ^(PR-PQ+iF), 

P. = ^ (|P 3 Q—Q 2 —P 2 R—fV p 0, • • • • 

Suppose now that the actual roots of the biquadratic are— 


TT + p + OC, —TT—p + fl, 7T-p- f-<y, — 7T + ^ + <5; 


then 


as 4 - /3 4 “ 7 4 “ a — 0 , 

(7T + />) (y3—a) + (7 T—p) (S — ''/)+a/3 + <'/8+(a + fi) ( 7 +a) = 0 , 


( 7 r + p + a) ( — 7r—p + /3) (7+5) 

+ (73— p+7) (-TT-hp-f a)((Z + /3) = 2& 3 ^^»- 

a/^aq- (7r+p) 7a Q3—a) + (7 r—p) cep (a~7) 

+ (tt 3 —p 2 )(/3-<%) (a—7) —(7r+p) 2 {7aq-(7r—p) (a—7)} 
— (tt— p) 2 {^+(7T-hp) (13 —«)} = 0, 


which, on reducing and simplifying, become 

as 4 - /3 4 * 7 4 - a = 0 , 
47r (a+ 7) + 4 p (a -j- a) + a 2 + + 7 2 + a 2 = 0 , 


(as + / 3 ){ 47 rp 4 - 2 ( 7 r 4 -p) (cc—ft) 4-as 2 + /3 2 } = 263 ^ 3 -^, 

2 ?rp {2 (7r4~p) (a — /3) 4-at 2 + /d 2 } 4-27r 2 (/3a4-as7) 4 " 2 p 2 (/ 374 -asa) 

+ (a 4 “ 7) (/ 3 ^ 4 “ <^7) 4 -p(a + a) (/374-^a) 4“ ^7a = Oo. 


Let 


sin 2 i sin 3 i sin 4 i 

as — as 2 —5—ras 3 —3— r&± —4—r •. .. , 

V” V V 

with, similar expressions for ft, 7, a; then the terms involving si n 2 i/v* 
give— 


as 2 4-Aj4-72+ a 2 = 0 , as 2 4 ~ 72 = 0 , 

. • . 72 —• —as 2 and S 2 = —ft 2 , 

and from the terms involving siirH/^ 3 , we obtain—• 

as 3 4 “ ftz 4 “ 73 4 ~ A} = 0 , 

Po(as3 4“73) 4-pi(as 2 4-a 2 ) = 0, 

2jo 0 p l (oc 2 +/3 2 ) = 63, 

ass — /h — 0, 
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whence 

a 2 = ft = —72 = —£2 = hlityoPi) = ”p • & 3 J 

and 73 — -—as, £3 — —ft. 

Again, from the terms involving sinS/v 4 — 

«4 + ft + 74+^4 == °> 

^0(04+74) +pi(a 3 + ^ 3 ) +« 2 2 = 0, 

« 3 + ft = 0 , 

PiCas — ft)^^ 2 = 0, 

whence « 3 = -ft = -73 = 4 = - • 63 s , 

2 jp! 4 P 3 

and = —74, ft = — < 5 4 . 

Similarly the terms involving sin 5 i/v 5 give—* 

# 5 +ft 4" 75+^5 = 0, 

^ 0 (a 5 + 75 )+^i(ai+^) = 0, 

PojPi («4 4 - ft) + 2 (pij ? 8 +P0P3) a 2 4- 2 jPo«2a 3 = 0, 

J?o(ft—'ft) +JPl(«3—ft) 4-«2 2 = o, or « 4 —ft = 0. 


Hence 

#4 


__ ^ __ __ _ __ P»j 3 2 4“j3 0 j9 3 <% a g 3 __ Hb ' b u 3 

— ft — 74 4 — ^jpi Pi ~~ 4P 3+ 4P S 3 > 


and 


#5 = —75? 


ft 


and so on. 

Hence, as far as terms of the fourth order, 


sir % si it % , sir a 

a = —7 = «*—-j- +®3 —5- +«* —j- i 


/3 = — £ = «a 


snr & sim ^ sin 4 


« 3 ' 


- 4-^4 * 


where 


#2 = 


fi 4 —a 2 < 
46 3 


■ COS W , 


«3 : 


(6 4 —a 2 c 2 ) 2 


: COS^ IV , 


** = <4 '"°’ ) (i ‘ + “ w) ° 08 ’” 


165V (a 2 —5 2 ) (5 2 -c 2 ) 

'5 4 4- a 2 c 2 ) cos 
(5 4 —a 2 c 2 ) 2 sinV} cos 10 , 
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and the difference of the positive roots being 2/o + a—7, we have, to 
the same degree of approximation, 

A sin« sin 2 ^ . , . sinH‘ , sin 4 & 

= 2 p x - \- 2 z 2 —i—b2(^ 3 + « 3 ) —3—J-2,%4 — r - 

v v v 6 w 


*S(a 2 — b 2 ) (b 2 — c a ) sin i , & 4 — a?c 2 sin 2 i 

-i- - -JL_ nr\a on - 

‘ 2 * 


7 o cos w- 2 

¥ v 2 




¥ v 

(a 2 — c 2 ) 2 . ,, sin 3 ^ ¥-~a 2 c 2 

V(a 2 - ¥) (¥-&) v* 6 b\a? - b 2 ) ( ¥-0 2 ) 


X {2(a 2 —¥) ( Y—c 2 ) (i 4 -f-a 2 c 2 ) cos 2 w — (& 4 —a 2 c 2 ) 2 sin 2 w;}cos£ 0 “- 


6. The proposition on which the above investigation depends was 
first suggested to me by an analogous theorem given by McCullagh/* 
in connection with the surface of wave-slowness,f or, as he terms it, 
the surface of refraction or index surface; in fact, the one may be 
deduced from the other by reciprocating with respect to a sphere of 
unit radius concentric with the surfaces. 

I have since found that ZechJ has employed the same principle 
for the determination of the rings of biaxial crystals, but his method 
of dealing with the biquadratic equation is essentially different from 
that given above, and leads only to the determination of the terms of 
the second order. 

My thanks are also due to Mr. J. L. S. Hatton for some useful 
suggestions that led me to the adoption of the above methods of 
approximation. 

# ‘ Collected Works/ p. 46. 

f Tlie first pedal of the wave-surface is sometimes erroneously called the surface 
of wave-slowness j but, as Sir William Hamilton calls the inverse of the wave- 
velocity the wave-slowness, the inverse of this surface, or the polar reciprocal of 
the wave-surface, is properly the surface of wave-slowness. That this was the 
name given to the polar reciprocal of the wave-surface by Sir William Hamilton 
appears from Lloyd’s “ Report on Physical Optics” ( c Collected Works/ p. 122), and 
from McCullagh ( c Collected Works/ p. 96), though in his papers he calls it the 
surface of components of normal slowness. 

t c Togg. Ann./ vol. 97, p. 129; vol. 102, p. 354. 




